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ABSTRACT

In this paper we prove the equivalence between the non-vanishing of the
© correspondence on an irreducible, generic, cuspidal representation of
Uzn+1, the non-vanishing of a certain generalized period and the exis-
tence of a pole of a twisted partial L-function.
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1. Introduction

We try in this paper to relate the poles of the partial L-function of a cuspidal
generic representation 7 of the quasi-split unitary group Upy1 . to the vanish-
ing or non-vanishing of its lift under the theta correspondence to U, ,,. These
properties are already known to be connected in several situations; let us cite
(Sp(2n),0(2n)) [GRS3] and (Us, Uz) [GRS1]. In all cases, including ours, the
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94 L. GRENIE Isr. J. Math.

connection between the two properties is the non-vanishing of a certain gener-
alized period integral.

To begin with, let us introduce the main notations of this article. We fix a
number field F and F a quadratic extension of F', and denote their respective
adele rings by Ar and Ag. We will denote either by c(z) or by & the action of
the non-trivial element of the Galois group of E over F' on an element z of E.
Let w, be the antidiagonal matrix of size n, that is the element

0 1
Wn = e
1 0
of GL(n,Z). The group U, will be the algebraic subgroup of GL(n) defined
over F by
U, = {u € GL(n)||*Twnu = wy}.

We let G, be Usny1, and Hy, I > 0 the algebraic subgroup of GL(2l) defined by

H = {u € GL(2)||'u (—wg wl) v= (—wz " ) }

Note that H; is non-canonically isomorphic to Us;. When g is an element of
GL(n,Ag), we let g* be the element of GL(n, Ag) such that

g
1 € Gn(AF)v

g*

namely ¢* = w,'g™?

wy,. We define N, to be the unipotent subgroup of upper
triangular matrices of GL{n) with unit diagonal. We also let X be the subgroup
of upper triangular matrices with unit diagonal in G,,.

Let 7 be an irreducible automorphic cuspidal representation of G, (AFr), act-
ing in a given space of cusp forms, which we keep denoting by =. We fix
once and for all a non-trivial character 1), of A trivial on F' and we consider

¥ = 1, 0 Trg,. For any element ¢ of the space of « let

-1
Wo(g) = Wi(g) = /X (F)\X(Ap)so(ng)w(zni,m) dn

be its Whittaker—Fourier coefficient with respect to 1. The space of all W(}f
is the y-Whittaker model W(r,¢) of =. We assume that this space is non-
zero, i.e., m is (globally) generic with respect to ¢». We want to introduce the
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generalized period we will deal with. Consider the subgroup U of G, whose
elements are such that the middle 3 x 3 block is I3. For a matrix u in U(AF),
define ¥y (u) = w(zgf Ui,it1 + Un—1,n+1)- Define for g = (a Z) € U,,

c

In—l
ig) = 1
In—l

Then i(Usy) acts by conjugation on U and preserves the character ¢y;. For any
function ¢ in 7 and any character p of A%, we define

Py(p,p) = /

/ o (ui(g))pu (w) ™ p(det g)dudg.
U2 (F\U2(AF) Jp(F\U(AF)

Let S be the (finite) set of places v of F' such that either v|oco, or E/F, or p
ramifies at one of the places of E above v, or 7 or ¥ ramifies at v.
The main result is the following:

THEOREM 1.1: The following conditions are equivalent.
1. The partial L-function L°(r x , s) has a (necessarily simple) pole at s = 1
for any finite set of prime S 3 Sy.
2. The generalized period integral Py(., ) does not vanish identically on =.
3. The representation m @ podet has a O lifting to a generic cuspidal repre-
sentation of H,, for some choice of splitting data.

The paper is organized as follows. In section 2, we describe the L-function
machine based on an integral similar to a Rankin-Selberg integral, with an
additional integration along a unipotent subgroup. This integration will lead,
when we take a residue at s = 1, to the generalized period Py;. In section 3,
we prove the implication 1 = 2 = 3 and some result on the vanishing of the ©
correspondence. In section 4, we prove that 3 = 1 by showing that L5 (7 x y, s)
is the product of a zeta function by a non-vanishing partial L-function.

ACKNOWLEDGEMENT: I would like to thank Tel Aviv University where this
work took place. I am very indebted to David Soudry, first because he suggested
the problem, but also for the theoretical background he provided as well as for
numerous answers to my questions. The thorough review and advice of the
referee permitted me to straighten some loose points in the first version of this
paper. I would like to thank him also for his suggestion of useful improvements
for the proofs and the article.
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2. Product decomposition
Let us begin by decomposing the integral we will use to represent the L-function.

2.1. FoOURIER SERIES. We will need to use the decomposition of a certain
constant term in Fourier series. Let Uy be the subgroup of G, of the form

I, a

In
PROPOSITION 2.1: For any ¢ in the space of m and any g in G,{(AF), we have:

~

pugdu= Y W 1 9)-
YEN.(E)GL(n,E) v

Proof: This is a consequence of formula (1.0.1), p. 59 of [GPSR]. Let S, be

the subgroup of GG,, comprising matrices of the form

A v X
1
A*

with A € GL(n), v any vector and X any matrix that fits. Then U is a normal
subgroup of S, and we denote P11 the quotient U)\S,. We observe that P41
is isomorphic to the subgroup Resg/p P11 of [GPSR, p. 58]. The unipotent
radical of P,;(F) is isomorphic to N,1q(E); the quotient is isomorphic to
N,.(E)\GL(n, E) where GL(n, E) is injected in Sy, by

/UO(F)\UO(AF)

Y
v — 1
,y*
In addition, if for p € S,, we define
flp) = / ¢(upg)du,
Uo(F\Vo(AF)

then f defines a cuspidal function f on Pri1(F)\Pnt1(Ar). We have

/ F(n) i () = Wi (g),
Npyp1(E)\Nn+1(AE)
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where N,y1(Ag) is injected in P,+1(Afr) by the obvious morphism
(n € Npy1(Ag) is sent to the class of any element of S, (A F) that has n in its
upper-left-hand (n + 1) x (n 4 1) corner). The result of the proposition is then
a consequence of abovementioned formula (1.0.1) applied to f(1) = f(1) =

fUO(F)\Uo(AF) p(ug)du. n

2.2. THE INTEGRAL.

Definition 2.1: Let p be a character of A} trivial on EX. Let B be the
subgroup of upper triangular matrices in Us. An element of By will be of
the form (* _Z,). For any s € C, we consider the character u, of By(Af)
whose value on the aforementioned matrix is p(z)|z|*™2. We define I, ; to
be the space of holomorphic K-finite functions in the space of the unitarily
induced representation of y15 from By(AFr) to Uz(Ar). Then, for any f, € I, s,
EY2(fs,9) = Y fs(vg) for v running over a set of representatives of Us(F) mod

By (F) (on the left).
Let ¢ = t2n41 be the injection of Uy in G, defined by

In—l

a b
. a b
12n41 (c d) = 1

We recall that U is the subgroup of G,, of matrices of the form

In—l

with z € N,_;. We define the character ¥y by
’([JU: U(AF) - Cx

u - ¢<Zzi,i+1 + In—1,2)

with u as above. We can then define, for ¢ € ,

MOE / o(ug)y (u) " du.
U(F)\V(AF)
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Definition 2.3: For ¢ an element of 7, u a character of A5/E*, s € C and
fs € I, 5, define

I, fs) = ©¥(i(9)E"*(f5, 9)dg.

/UZ(F)\Uz(AF)
We set R to be the algebraic subgroup of G,, of matrices of the form

1
Y In—l

In—l
y 1
(with y any n — 1-dimensional vector). For W an element of W(r,4) and the
other elements as above, define

zw.4)= [

[ Wewi)stadrdg
Na(Ap)\U2(Ar) JR(AF)

with
1
In—l
Wy = 1

1
and Ny the unipotent radical of Bs.

This integral will provide the L-function we study. It is the Rankin—Selberg
convolution for G, x GL(1) and can be generalized for any GL(k), k < n.

PROPOSITION 2.4: For ¢, s € C with real part large enough and f, as above,

I(QO, fs) = Z(ngfs)

Proof: 'We begin by unfolding the Eisenstein series. This is possible as long as
we take the real part of s large enough. One has

eY@(9) D, fs(ve)dg

YEBy(F)\V2(F)

> %) fs(vg)dg

By (F\U2(F)

> e¥i(v9) fo(ve)dg

vEB,(F)\Vz2(F)

I(p, fs) = /
Uz (FN\U2(AF)

/UZ(F)\Uz(AF) e

‘[Iz(F)\UQ(AF)
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where this last equality holds because ¢ is invariant by multiplication on the
left by i(7y) and when

z x a

_ !
U= I3 o ],

Z*

i(y)ui(y)~! is the same matrix with z replaced by zi3(y) ™!, so that the central
column of z is unchanged and so the character will not be affected. The integral
will thus remain the same after a change of variable. We then collapse the sum
with the integral:

I(p, fs) = ¢¥(i(9)) fs(9)dg.

\/BQ(F)\U2(AF)

Let T be the diagonal torus of Us.

Hed)= [ / ¥ (i(n)i(g)) fo(ng)dndg
To(F)No(Ap \U2(AF) J N, (FY\N2(AP)

- / / o (i(n)i(g))dnfa(g)dg.
To(F)No(Ap\V2(AF) SNy (F)\N2(AF)

We now consider changing the inner integral. For any g € G,(AFR), let

I'= / ¥ (i(n)g)dn
No(F)\N2(AF)

p(ug)py: (u) ™ du

/U'(F)\U’(AF)

with
z 1 a
U'={u€Gyllu= 1 2/ |,z€Np,z, =0}
Z*
and

n—2
Yur(u) =9 ( Yz + xn—l) :
=1

We note that there are two differences with the usual notation: the character
is not taken on the last column of z and is taken on the last but one component
of z, which is the last non-zero component. Decomposing the subgroup U’,
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r= [
Nu—1(E)\WNn-1(Ag) JAL ™Y En-1 JAL™pa=1 Jy  (P)\Uo(Ar)

z :l:{ %

0 ' |g Tl)(zzz,i+1+xn-1>
1

T
0 -1
1 dudzrdydz.

SIS

We found it convenient, though maybe less natural, to introduce wg imme-
diately and to conjugate it from left to right. We can introduce it on the left
of the argument of ¢ and conjugate all the matrices up to g (excluded). What
remains is

with a change of variable in the a part of u (the last column becomes the first
and the last row becomes the first and all other rows and columns shift in the
natural way). Using Proposition 2.1,

r=f ] A
AE‘_I/E""I Npo1(E\Nn-1(AE) AL /Bt Z

YEN, (ENGL(n,E)

1 0 0
o] Yy z z
W:f 1 1 wog

-_o o

x’

z*

yl
-1

¢<Z Ziit1 + ivn—l) dzdzdy.

We want to remark here on the order of integration: it is important to choose
the right order to preserve the invariance of the partial integral under some
rational subgroups.

The idea is that we integrate a character over a compact group in the two
innermost integrals and this character must be trivial. This poses conditions on
the form of . Namely, the integral over x tells one that the last row of v must
be of the form (a,,0,...,0,1); the first coefficient is not determined because the
first element of the column containing z is 0. This is valid since the series on
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v € N,,(E)\GL(n, E) is square summable. Then, since we sum modulo N, (E),
we might as well suppose that the last column of v is £(0,...,0,1). We find that

v 0
a, 0 1
induction shows that a set of representatives of y in the sum can be chosen of

(5

with v € E* and a € E"1. If we factor out the matrix (7 I ) we find
n-1

~ is of the form ) We now have v/ € GL(n — 1, E) and an easy

the form

Y
sp YD SN 1 |
'YEE' acEn—1 R \R(AF -'7_—1
1
a I,
1 rwgg | dr
In—l
a 1
Y
Z z / Iy
yeE* geEn—1 E" ! 7_1
1
y+a In 1
1 wog | dy
In—l
y+d 1

=% [
')’EE* R(Ap)

(o e
5w

We arrive at

(o, o) = /
To(F)N2(Ap\U2(AF) ~EE*

~
/ Wg’ (T ( Ly ) woi(g)) drfs(g)dg
R(AF) y~1
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/Tg(F)Ng(Ap)\UZ(AF) ~EE*
In—l

/ W | ruo 1 i(g) | drfu(9)dg
R(AFr)

/Tz(F)Ng(AF)\Uz(AF) ~EE*

/R(AF) we (rwoi((7 7~1) g)) dr fs(g)dg.

We can put the matrix containing v into f; as well since p is trivial on E* and
collapse the sum and the integral. ]

Remark 2.5: As suggested by the referee, a different proof is possible along the
lines of [Gin].

2.3. NON-RAMIFIED COMPUTATIONS.

2.3.1 Split places. Let v be a place of F such that E/F splits at v and not in
So. Let r be an integer. The group U, (F,) is isomorphic to GL,(F,). To see
that isomorphism concretely, let us denote by w one of the places of E above v;
then the other one will be we. The non-trivial element of Gal(E/F) sends E,, to
E,.; actually, these two fields are extensions of F;, of degree 1. The action of ¢ is
just the isomorphism induced by the equality E,, = F, = E,,; (as extensions of
F,). An element of U.(F,) is a pair {g1,g2) of GL,(Ey) X GL{Ey.) such that
g2 = wre(tgr ") w,. We will then identify U,(F,) with GL.(F,) by projection
onto the first component and identifying E,, and F,. Let us see precisely what
this means for By(F,). An element of By(F,) will be a pair of elements of

GL.(F,)
(™ 5)( &)

such that do = a] ', a3 = di* and by = —a]'d; 'b;. When we take the character
p4(2) of an element (* _%,), this amounts t0 fw(a1)pwe(a2) = pw(a1)puwc(dy")
in these coordinates.

PROPOSITION 2.6: Let W° be the essential vector (in the sense of [JPSS,
définition (4.4), p. 211]) of the Whittaker model of . Let f; be the element of
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I, s, which is identically 1 on GLy(O,). Then

Ly X oy, S)L(Ty X fhage, 8)
L(Nwﬂwcv 23)

Z(We, fs) =

Proof: 'We can first conjugate wp to the right of the argument of W°. By doing
s0, the elements of GL2 move to the top, left, bottom and right of GLz, ;. We
can then cancel wg, as well as the integration along the maximal compact of
GL,. What remains is

a
In—l

Yy
Z(W°, f,) = / / we( 1 Jdydz
(Fxy Jpm-ry2 Iy

_tz d—l

(@) e ()| ad|*~/*|ad| 12 |af' " |ad| "' d* ad *d

(the |ad|~1/? comes from the unitary induction, the |a|'~" from the Haar mea-
sure for the y part and the |ad|™! from the Haar measure on Uy). The —tz
and d~! come from the particular isomorphism we chose between G, (F,) and
GLgp4+1(Fy). To evaluate this integral, we will have to compute the values of
the function W°. It is explicitly computed in [JS1, section 2| provided we have
a decomposition of its argument in Bruhat form nak. For unramified data, the
k part can be ignored and the n as well, as soon as it is in No,41(O0,).

First we claim that we can do the Bruhat decomposition in each GL,, sepa-
rately and reunite them blockwise. Then, we can see that the y integration can
be ignored: a Bruhat decomposition of the matrix (Z L) 18

1
Yi/ay ay

a y a
diag(as,...,an-1) Y2/as 2

Yn—1/an_1 Op_1

1

with a; = ged(y;,1). As soon as y; € O,, a; is a negative power of the uni-
formizer. This means that the a part of the argument of W*° will have increasing
powers of the uniformizer somewhere (because there is 1 in the center) and then
W? is zero. So we must have all y; in O, and then we have a clear Bruhat

decomposition
( - ) ( ; - )
I, y Ina )’
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so the value of W° does not depend on y € O, ! and thus the integration

gives
a
In—l

In—l

—ty -1
It is also obvious that ¢ must be in F* N O,. We claim that we must have
de FXNO, and z € d~10,™ ! and that the integral in z is just multiplication
by |d|'~™. What remains is

a
Z(W°, fs) =/( - we ( In 1) B (@) prye(d)|ad|®|ad| ™" d* ad*d
1])( d_

=3 mﬂ>( - _d) (@) (@) g D=

a,d€N

with o a uniformizer of F, and g the number of elements of its residual field.
To simplify notations, we let g = pyy, 4’ = poye and m = 7,. We will compare
the formal series in ¢~° given by L(up',2s)Z(W?, f5) and L(7 x p, s)L(% x pt/, 8).
We want first to recall the value of the class one Whittaker function from
[JS1, section 2]. Let r be an integer and W a class one Whittaker func-
tion of GL,(F,) such that W(I,) = 1. Then if J = (j1,...,jr) € Z", w’
will be diag(w’) and W(w”’) = 0 unless j; > j» > --- > j,, in which case
W(w”’) = 6(w” )2 Tr(ps(A)) with & the module of B, p; is the highest weight
module with highest weight J and A is the Satake parameter of the unramified
representation generated by W. This gives us the expression for the integral

Z(We, fs):

ZW?, fs) = Z Te(P(a0,....0,—a) (A)) (@) ' (w) g~ Lot s
a,deEN

k
= 3 Y Tr(p(a0,.. 00k (A)n(@) K (@) g7
k€N a=0
Next, recall the expression for the local L factor L(r x y,s), given in [JS2,
section 1]:

L(m % 1, 8) = Y Tr(p(a,0,...00(A))u(w)*q*
a€EN

with, as before, A the Satake parameter of 7. Now, if 7 is the contragredient
of =, its Satake parameter is A~!. But then Tr(p;(A™!)) = Tr(p;(A4)), with
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J = (=jn,...,—51) the “contragredient” weight of the dominant weight J =
(41,1 Jn). We get

L x p';8) = Y Tr(peo,...0—a) (A))1 (@),
a€EN

The last remark is that
Tr(ps(A)) Tr(ps (4)) = Tr((ps ® ps)(A)).
So,

L{m x p,s )L(fr x p', )

=¥ ZTr 0,.,0)(A) Tr(p(o,...0,0—r) (A)) () i ()2 g5
keN a=0
k
=Y ) Tr(P(00,..0) @ P(0.....0,0~k)(A) (@) i (@) F g He.
keN a=0

The two expressions for Z{W?°, f;) and the product of L-factors are very similar.
The only difference is that the first has

P(a,0,...,0,a—k)
while the other one has

P(a,0,...,0) @ P(0,....0,a—k)-

But we know how highest weight modules tensorize. Since these two are very
simple (they are just symmetric powers), the decomposition is very easy: it is
the direct sum of all the p0,..0.24—k—s) With 0 < b < a. What this means is
that when a varies, we will get all the p(; . _.) with b+ ¢ of the same parity
as k and b — ¢ < k; each of these will be obtained only once. This looks like all
the terms of Z(W°, f,) of degree at most k, each multiplied by the appropriate
power of u(w)y' (w)q~2%. Thus

L(m x i, )L x ', 5) = ( ) (M(W)u’(W)q‘2s)’°>Z(W°, ).

kEN

The sum is exactly the local L-factor L{uy’, 2s). ]
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2.8.2 Inert places. The computation is very similar. It is actually easier be-
cause the variables do not split. Let v be a place of F such that E/F is inert at
vand v € Sp. We will denote w the place of E above v. Let W*° be the spherical
element of the Whittaker model of 7, with value 1 at I5,4+1. The local integral
we have to compute is

a
y In—l
Z(W°, §,) = / we 1 dy

By JEL In—l
’ *

Yy 4]
Nw(a)Ia|s—1/2|a|1/2!a|1—n|al—1dxa

with, as before, the |a|'/? coming from the unitary induction, the |a|'~" from
the (right invariant) Haar measure on the parabolic subgroup and the |a|™!
from the Haar measure on Us. As before y must have integral coefficients (note
that then the coefficients of 4’ will be divisible by a=! as in the split case) and
a must be in O, N FX. Since y varies in a dimension-1 space, integration over
the y variable cancels. We arrive at something very similar to what we had in
the split case:

a

w
Wo fs Z we I2'n,—1 “w(w)aq—as
€N w— ¢
= 3 Tr(pPs o)) (At (@) g™

a€N

with A the Satake parameter of 7, and pipz" the irreducible highest weight
module of highest weight A of Sp,,,(C). This sum is in turn equal to the local
L-function L{m, X fy, $).

PROPOSITION 2.7: Let W° be the essential vector for the Whittaker model of
my. Let fs be the element of I, 5., equal to 1 on U3(O,). Then
Z(Wovfs) = L(ﬂ'v X ,Uwvs)'

2.4. SoME NON-VANISHING REsuLTS. We will show that for any s; € C,
for any place we can always choose local data so that the local integral is non-
vanishing for s = sq.

PROPOSITION 2.8: Let v be a place of F' and sqg a complex number. There exist
a W in the Whittaker model of w, and fs € I, 5, such that

Z(W, fs)! = 0.
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The proof will occupy the rest of this section. There are three non-
archimedean cases, depending on the behaviour of each place in the extension
and only one archimedean case.

2.4.1 Split places. Let v be a non-archimedean place where E/F is split. The
local integral is equal to

1
Yy In—l
210 = [ | o 1 woi(g)
No(F, \GL(2,F) J(F,n—1)2 J
—tz 1
dydz fs(g)dg.

The Whittaker function W is right invariant under the action of a compact
open subgroup Kw of GL(n, F,}. We choose fs to be equal to 1 on i~1(Ky)
(which is a compact open subgroup of GL(2, F;,)) and 0 on its complementary
in GL(2,0,). Then
a
In—l

Y
zwgy=e| [ w( 1 wo)dydz
(F)2 J(Fmm1)2 I,
—d1.tz 4!

po(@)tic(d)lad)*/*~*|ad)'/*|a]' ~"d*ad*d

with ¢ > 0 being the measure of 1=} (Kw).
We will then eliminate one by one the components of y and z as follows. For
some pair of integers k, k', let

Wi(g) = / W (gwo(Iant1 + tE1 ne1 — wEn41,2n41)wo)dtdu.
[t1<q*,lui<q¥
Then

Z(Wh ) = / / /
(FS)2 J(Fm=1)2 J|t|<qk,|u|<q*'
a

Y In—l
W( 1 Wp

(Isnt1 + tE1 ng1 — UE41,2n41) ) dtdudydz
Nw(a)ﬂwc(d)|ad|2_n_sdxadxd
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:/ / / Y(tyn—1 + uzn_l)dtdu
(FS)2 J(Fm2)2 Jig <gF Jul<g¥

a
Yy I,
W( I3 wo)dydz

In-—?
_d—ltz d—l

P (@) prope (D) [ad|* =" *d* ad ™ d.

We may now choose k and k' large enough so that the inner integral is zero
unless

Dpt1 +Yn—1En_11 — 2n-1Eony1,ny2 € K.
We then have

a
) In—2
Z(W1, fs) =01/ / W( I wy)dydz
(FX)2 J(Fymm2)2

In—2
—d 1tz d!

o (@) prope (d)|ad]* """ *d* ad*d.

We go on by induction until we arrive at

a
Z(Wn-1, fs) = cn-—l/ W( In— wo)
(FX)2 a1
pw (@) oy (d) |ad)* ™ 2d* ad* d.

With

Wi(g) = / W (gwo(Tant1 + tE12 — uBan an41)wo)P(t + u) "' dtdu,
[tl<q® jul<g

we have similarly
Z(Wn—la fs) = W (wo)

for some non-zero constant c. It is then easy to check that one can find in the
Whittaker model of m, a Whittaker function which is non-zero on wyp.

2.4.2 Inert places. Let v be a non-archimedean place where E/F is inert. The
computation is entirely similar to the split case; one has to replace d by @ (|ad|
by |a|), z by § and u by t.
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2.4.8 Ramified places. If v is a place where E/F ramifies, then there is no
extension of local fields so that F,, = F, and the computation is exactly the
same as above once we take into account that Z =z for all z € E,,.

2.4.4 Archimedean places. We want to prove that the local integral does not
vanish. We will bring the problem to the usual L-function problem with the
following lemma.

LEMMA 2.9: Let m, be a generic irreducible representation of G,(F,) with
Whittaker model W = W(my,¥,) and s € C. The integral Z(W, f;) is non-
vanishing on W x I, , , if and only if

Z'(W, £,) = / W (woi(9)) £+ (9)dg
No(Ap\V2(AF)

does not vanish on the same space.

Proof: We see that the integrals are very similar; we just have to eliminate
the variables in R. This will be done recursively using the Dixmier—Malliavin
lemma. We know from [DM] that any W in W can be written as a linear
combination of functions of the form

g— / (9(I2n41 + Fr p — TEap41,n42))d2

with ® € S(F,). This leads to

WM—Z/

[ Witusie) )b r)ar
N (Ap\U2(Ar) J Ry (Fy)

with

( 1 3
r1
In—l

R =4 Tn—1
1
In—l
\ * 1/ )

Since @, and thus &, is arbitrary in S (F), the integral will not vanish if and

J

2

only if

/ Wi (rwoi(9)) f(g)dr
(Ap)\U2(Ar) J R (F,)
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does not vanish for some W;. This proves the lemma for n = 1. The induction
step is easy and follows the same lines, replacing R; by R;4+1 where for i <n

, T11 W

=

kS
Il

5
3
d
-
-

121'—1
In—i
\ * 1/ )

The proof of the non-vanishing of the local factor is based on the following
lemma.

LEMMA 2.10: Let w, be a representation of G,(F,) that is irreducible and
generic. Let fs be a family of elements of I, s, with the same restriction (as s
varies) to Ky. The local integral Z'(W, fs) is convergent for real part of s large
and can be continued meromorphically in s to C. Moreover, the meromorphic
continuation is continuous in each of its arguments.

Proof: This is a consequence of the asymptotic expansion of the Whittaker
functions. The proof follows the lines of the proof for any such integral. 1

Using the lemma, we can prove
PROPOSITION 2.11: For any sy € C we can find elements W and f; such that

the local integral Z(W, f,,) is non-zero.

Proof: We proceed with Z'(W, fs) since this is equivalent. Assume that
Z'(W, fs) is 0 at s = sp for all choices of data. Let K2 be the maximal com-
pact subgroup of Us(R). For real part of s large, we have, thanks to Iwasawa
decomposition,

Z'W, f,) = /K 24 (W, 5, k) f (k)dk
with

Zi(W,s,k) = | W (woi (“ a*> i(k))|a)*"d%a.

Since f, can be chosen as we wish on By, N K,\K2, it follows that Z; is zero for
any choice of the data W and k. Thus, with k = I3, and for any W,

W (woi (“ ) ) |a*~"d%a = 0.
R* [4



Vol. 142, 2004 POLES OF L-FUNCTIONS, PERIODS, UNITARY THETA 111

Now, if we replace W by

/Wl (9(Ians1 + vE12 — TE2n 2n41)) @ (v)dv,

we get that for any W, W(wg) = 0, which is false. ]

3. Theta correspondence

3.1. GENERALIZED PERIOD. Let us suppose that LS(m x u, s) has a pole at
s = 1 for any finite set of places S such that S D Sp. Let W = @/ W, be a
(pure tensor) element of W(m,v). According to 2.3, for any s such that there
is no pole and any fs € I, s, L(7 x p, s) and Z(W, f,) are equal up to a finite
set S of places {including the places at infinity). Increase S such that Sy C S.
According to 2.4, for any v € S we can choose a W € W(n,,1,) and a cross-
section fy, € I, s, such that Z(Wy, f5) is non-zero at s = 1. We change W
and fs such that their local component at v is resp. W and f;, for v € S.
The pole of the L-function must come from the Eisenstein series on Uy and thus
is simple, with non-zero residue. The residue of the Eisenstein series is po det.
This means that the integral

Pylp,p) = p(ui(g))yu (u) ™ u(det g)dudg

/Ug(F)\Uz(AF) /U(F)\U(Ap)
is non-zero for ¢ the element corresponding to W. It is this period that will
provide the link between the pole of the partial L-function and the theta corre-
spondence.

3.2. SETUP. We set up the data needed for the discussion of the image of the
Howe lift between G,, and the tower of H;, [ > 0.

The group G, will act on the right of the vectors while H; will act on the left.
Let v be a finite place of F such that E/F is inert at v. Let 7 be an admissible,
irreducible and generic representation of G,, = G,(F,) and for  integer, o an
admissible, irreducible representation of H; = H;(F,) which pairs with 7. This
means that there is a G, x H; equivariant map T

T: wfp"’l) Qo =T,

(n,

where w,, Y is the Weil representation of §f)(4l(2n + 1)) restricted to the dual
pair G, x H;. We will denote the space of Schwartz—Bruhat functions on an
F,-vector space V as S(V).
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Note that the space on which H; acts is split. Let (W, {(.,.)) be the space on
which G,, acts; we choose a basis (eq,...,e,,€0,€_p,...,e_1) with respect to
which the form has matrix

Wy,

Wn,

Put W* = Vect(e+i)i<i<n. Similarly, let (V,(.,.)) be the space on which H;
acts, let (fi,..., fi, f—t,---, f-1) be a basis of V and let V¥ = Vect(fx;)1<j<-
We thus have W = WT @ (eg) W~ and V = Vt @ V—; for any vector v € V,
we write v = v+ + v~ with v € V*. We will realize wfﬁn’l) on a “mixed” model.
Let us denote X = W ®V and Xt = Wt @V @ (e9) ® V™ which will be
viewed as V"™ @ V. The space will be S(X*); we view this space as the space
of functions with n variables in V' and one (the last) in V~. We denote Z, ,

the set of matrices
z

Z = 1

with 2 € N,,. On S(X), we have

("”(( 1 ),l)w(vx,.--,vn;v‘)=
Z*

(1) P(v1,v2 + 212V1, .., Un + 21001 + - F Zn_1,aUn—1;0 ) Wwith 2 € Np,

I, t
wfpn’l)( 1 ¢t |, De(v,...,0n507) =
I,

(2) w((Ztivj,v‘ +th;>>¢<vl,...,vn;v‘ +Zt¢v;),

I, S
(3) (n l)( 1 yDp(vr, .., op507)
I,
= (Tr(Gram(v).Swy))p(v1, ..., vp;v7)  with Gram(v) = ((v:,v5))1<i,5<n,
(4) WD (1, R, ... vnvT) =

1detall/2¢(—(da*v_,v‘))w(h_lm,. ] "h—l,vn;a*—lz}_) with A = (3 (Ii) .

The | detal"/2 in (4) is a normalizing factor to bring unitary representations to
unitary representations; it corresponds to | det A2 for a matrix (# 4-) in the
symplectic group of the space X.
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Let £ be a Whittaker functional on 7. It satisfies
Ur(u)v) = ¥x{u)l(v), Yu€ X(F,),Vv € V,.
We can view o T as a bilinear form b on S(X*) @ V,, satisfying
(5) Y(u,h,€) € X(F,) x H x Vo, bw((u,h)®,0(h)€) = vx (u) "*b(®,€).

We will show that the space of such bilinear forms is zero for I < n, and that
if o is non-zero for | = n, then it is generic. For that we will want to reduce
the bilinear form to a smaller subspace. Since we have information on the
action of a unipotent subgroup of G,, we will study Jacquet modules of S(X ).
Let us first study the action of the U, , embedded in G, in the outermost
blocks. Using (3), we can study the twisted Jacquet module of S(X*t) with
respect to the Siegel radical of this U, ,, and the trivial character. We see that
if o(vy,...,vp;v7) # 0 then Gram(v) = 0, so that the v; generate a totally
isotropic subspace of V; let us call it H. We still have the freedom to choose
V*, V~ and the f;. We choose VT to be a maximal isotropic subspace of V
containing H and f1,..., faimz Will be a basis of H. We then choose the f;
(and V~) so that the matrix of (.,.) in the basis (f1,..., fa, fony--., f=1) IS
(_u, “"). Now with (1) we can bring (v1,...,vn) to an n-tuple (vj,...,v})
with v = v; if v; € Vecti<;j<i(v;) and v; = 0 otherwise. We want to mod-out by
the action of the (upper) Siegel parabolic subgroup S; of H;. It can be described
as the set of linear transformations h such that

— For any family (w;), dim Vect(w;) = dim Vect(h(w;)) (invertible trans-

form),
- For any w and o', (w,w’) = (h{w), h(w')) (unitary transform),
- For any family (w;), dim Vect(w; ) = dim Vect(h(w;)”) (in the Siegel
parabolic subgroup).

Now the non-null vectors of (v}) form a free family of V™~ and the scalar product
of each pair is 0. Thus one can find in S; an h such that h(v]) = v/ for any ¢
provided that v]' =0 <= v} =0, v = fi <= v; € Vecti<j«;(v;) (note: k is
a special variable that starts at 1 and increases by 1 each time it is used). Such
families look like

(6) (O*7f170*7f2’0*,~-'70*>fdimH;0*);

0* means “any number (including 0) of null vectors”. Any two such families
are not equivalent under the action of Z, , X 5;. So we found a finite set of
representatives for the action of Z,, , x S, on Wt @ V.
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We will now use equation (2). If a function ¢ in the twisted Jacquet module
of S(X7*) is such that ¢(v) # 0, then we must have

(7) <Ztivi+,v_ +Ztiv;> = (thﬁ,v‘) =tn

for any such family of ¢;. Since the product (.,.) is non-degenerate, this gives
dim H affine conditions on v~ with respect to the v;. This constrains v~ to
an affine subspace L° of V'~ whose dimension is [ — dim H. The underlying
vector space L is the orthogonal complement of H for the pairing defined by
(.,.) between V* and V~. Thus a full set of representatives of the action of the
product of the unipotent subgroup of G, by S; is given by

(8) (0*7f170*3f2a0*7"'70*7fdimH’0*;vo_)

where the first vectors verify equation (6), and v is chosen to satisfy equation
(7).
3.3. FIRST OCCURRENCE. We begin with

PROPOSITION 3.1: Ifl < n, the theta lift of = to H| is trivial.

Proof: The proof is purely local. We choose v a finite place of F' as above.
We want to prove that there is no such b as in equation (5). We have seen
that if  in the twisted Jacquet module of S(X*) and (vy,...,v,;v7) is such
that o(vy,...,vp;v7) = 0, then (vy,...,vp;v7) € X° ~ H™ x L°. The set
X° is a closed (affine) subspace of X* ~ V" x V™ and the set of elements
of §(X*) whose support is included in X° is isomorphic to S(X°) (see [BZ,
Proposition 1.8]). Now in X° we have several orbits of the subgroups considered
in the preceding section. Each has a representative of the type (8). If we order
the orbits by increasing dimension (which is the number of non-null vectors in
the n first vectors of the representative), each orbit is closed in the union of
the following ones; note that the order inside a given dimension class is not
important. The twisted Jacquet module of S(X ™) for X (F,) and character

z t S
¥x 1t )= ( Z Zii+1 + tn)
2*

is composed of functions with support included in the union of these orbits.
The set of such functions on the orbit of a vector of type (8) is isomorphic to
Indc‘}z{““ *5t S(L°), where Ind® is compact induction and R(F,) is the stabilizer
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of (8) in Z, , x S; (the action of Z, ,, is trivial on S(L°) and that of S; is the
standard one). Thus the bilinear form b would be a Z,, ,, x S;-invariant bilinear

form on
Ind* %% S(L°) x (x ® 0).

But now if dim H < n, R(F,) contains a subgroup of the form J x {1} where J
is a simple root subgroup of G, and on that subgroup ¥ x is non-trivial, thus b
is zero. n

This gives

COROLLARY 3.1:
— If 7 lifts non-trivially to H,(AF) then the lift is cuspidal and generic.
— If T is a generic representation of G,(F,) that lifts non-trivially to a
representation o of H,(F,) then o is generic.

Proof: Combining Proposition 3.1 with the second part of [Watl, Theorem
4.3, p. 251], we get that the lift is cuspidal.

We prove the local result concerning Whittaker models. Suppose that 7 is a
representation of G,, = G, (F,) with Whittaker model with respect to character
¥x. Suppose that it lifts to a non-trivial representation o of H,(F,). This
means that the bilinear form b is non-trivial. But the space of such bilinear
forms is isomorphic to

(9) Homgz, ,xs, (¥x ® 0, Indcz"‘"xs" S(L°)) ~ Hompg(Resp(vx @ 0),S(L%)).

We must have dim H = n so that there are no null vectors in the first n elements
of (8). We thus have only one possibility for the last element: f_,. Thus
L° = {f_,} and S(L°) is the trivial representation. The representative for the
class of (vq,...,v,;v7) can then be chosen equal to

(10) (f1>f27"'7fn;f~n)'

Then we have

The homomorphism of (9) is a function ¢ on V, such that for any u = (* )
and any £ € V,,

(212 + - + Zn-1,n)0 (W) (€)) = £(8),
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or equivalently
Lo(w)é) = (212 + - + zn_1,n) " U(E).

So this £ is a Whittaker functional on V,. This proves that the lift is generic.
|

3.4. FroM Upyy1, TO Uy .  The embedding of a pair of unitary groups in
a metaplectic group depends on a character. We will call this character the
parameter of the corresponding Weil representation and © correspondence.

PROPOSITION 3.3: Assume Py(p, p) is not identically 0 as ¢ varies in the space
of m. Then the O lift of 7 ® po det to Uy, », with respect to character 1 and some
parameter v is non-trivial. As noted before, this means that it is cuspidal and
generic.

Proof: The proof is very similar to the proof of Proposition 3.1 and Corollary
3.1. The Weil representation we choose now will be roughly the opposite one.
This time we pick XT = W®V ™ (identified with W"); G,, still acts on the right
and H, still on the left. As in [Kud, Proposition 3.1], we choose a character
v of A} whose restriction to A} is the quadratic character corresponding to
the extension E/F. For convenience, we twist the action of G, by the character
pto det. The action of the subgroups is comparatively easy to describe. We have

(11) w’qb,l/(g7 1)@(1’1, .. ,-Tn) = ,u(det g)q)(mlg7 v »x’ng)v
a
wd,,l,(l,( *))Q(xl,...,zn)z
(12) @
v(det a*)?"t1| det a|" T/ 2® (a7 - (z1,...,20)),
I,
(L, ( f))@(xl,...,xn) =
(13) "
1
¢(5 Tr(Gram(:v).Swn))CD(xl, ),

Remark: a- (z1,...,%) = (3 as2;)1<i<n (this is the formal action of a on

a column vector, except that instead of being scalars, the z; are vectors); the
term |det a|*T/2 in (12) is the normalizing factor.

We denote the O lift of 7 with respect to Weil representation wy, , by 6y, (7).
Notice that this is the © lift of 7 ® yo det. Then the elements of 8y, (7) are
the functions

(14) &) = 0,.,(9,h)p(9)dg, pem heUna(Ar),

/G" (F\Gn{AF)
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where 037,/ is the O kernel for the dual pair (G, H,) with Weil representation
wy,v. It is defined by

eé,u(gvh) = Z Ww,U(gah)‘I’(f”)a
zeXH(F)

where ® is a Schwartz—Bruhat function on X¥.

To prove the non-vanishing of 8, (7), we will directly compute its Whittaker
coefficient with respect to the upper triangular unipotent subgroup Uy of H,,.
We want to compute

(15) We(h) = E(vh)p(v) " dv

/UH(F)\UH(A)

with £ as above. We substitute £ with the expression in (14), substitute the 6
expression and perform the integration with respect to the Siegel radical of H,,.

What remains of the sum over Xt (F) are the vectors z = (21,...,%,) such
that

0 ... 0
(16) Gram(z) = ((z:,7;)) = | : )

0 ... 1

that is, all the products are 0 except (zn, ), which is 1. If we take

A {(z z*> € Unnllz € Nn},

we have

We(h) =
/ / S g9 zh)®(an, ..., 2)p(g)dg(z)Ndz,
2/ (FN\Z'(Ar) JG,, (F)\Gn(AP)

the sum being over all z = (z1,...,2,) € X satisfying (16). If the vectors
(®1,...,Zp_1) are not linearly independent, as in the proof of Proposition 3.1,
there is a simple root subgroup in their stabilizer and the intertwining operator
vanishes as well as the integral. So we have only one orbit under the action
of Gp(F) and we can take as a representative of z in its orbit the system

(€1,.-.,€n—1,€0). Its stabilizer in G, is the subgroup
Lo o x 0 x *
a 0 b * o b
R ={r= 10 0 H(C d>€U2
c d *

In—-l
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This means

We(h) =

/ / wwvy(g’zh)(b(elP' '7en—1760)(pR’ (g)dgw(z)_ldz7
Z'(FNZ' (AF) JR' (Ap)\Gr(AF)

where pF (g) = fR, (F\R (Ar) @(rg)p(det r)dr. Now because the representative
is so specific, we can use the Weil representation to transform the integral over
Z' in the integral over some subgroup of H,. We have

z
1
w(g, 1 h)®(e1,...,en—1,€0)
z*
(17
p -1
:w( I3 g1h)q)(ela"'7en—-1780)v
Z*
U1
In—l
Un—1
1
(«U(g, 1 —o,3 -7 h)‘I’(ela---,en—heo) =
In—l
(18)
V1 -1
I, *
Un-1
0
w( 1 0 -3 -7 g, R)®(er, ..., en—1,€0)
I,

with * such that the resulting matrix is in G,. We can then exchange the order
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of integration and what remains is

We () = / W (9 ) B(er, s en1€0)
R'(AF)\G"(AF)

/ oM (2g)p(2) M dadg
Z"(FNZ"(AF)

/-”(det g)w’l/),l/(l, h)‘p(elga e y€n—19, 609)

/R’(AF)\Gn(AF)

/ oF (29)9(z) "' dzdg,
2" (FNZ"(AF)

where Z" is the subgroup of G,, deduced from Z’ thanks to equations (17) and
(18). We see that the innermost integral with g = I, is just Py (g, ). This
means that it is non-zero for some ¢ by hypothesis. Since @ is arbitrary, we can
choose it such that the support of the function

g wyu(1,h)®(e1g,...,en_19,€09)

is concentrated as near I,, as we want and for a ® with a small enough support;
W, will be non-zero at that h, thus the © lift is both non-zero and generic.
|

Note that, as already proved in [Watl, Theorem 4.6}, the lift to H,; is
always non-trivial and generic. If we repeat the proof of the last proposition,
we will find

Wf(h’) = ww,u(g7 h)Q(ela sy €n—1,€n, eO)th(g)dg

‘/U()(Ap)\cﬂv {Ar)

Since ® is arbitrary, it can be chosen so that the integral is non-zero.

4. Existence of the pole

In this section we prove that if # ® po det comes from a representation ¢ with
respect to some © lifting, then LS(m x u,s) has a (necessarily simple) pole at
s = 1 for any finite set of places S O Sy. Let us suppose that 7 ® podet
comes through © correspondence from a representation ¢ of H, and let v be
the character determining the splitting. We suppose that the action of G,, on
the Schrodinger space is, up to the unitary normalizing factor, linear.

We know from section 3 that o is necessarily generic. We first recall from
[Wat2, p. 113] the relation between the values of the Whittaker functions. Let
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¢ be an element of 0. For each ® € S(X1), we denote ys the element of
7 ® po det defined by the formula

valg) = / 62 (g, kYo (h)dh.
Ho (F\NHn{AF)
We then have
Woo(g) =
/ Wolh) [ )tz )8 (fi ., o fn)dadh
UH(AF)\H"(AF) Zyn(AF)

Remark: Here Uy (A r)\Hn(AF) is not a group, so that dh is not a Haar mea-
sure. By the Bruhat decomposition, an element h can be written Uy (Ar)ak
with a in the split torus and k in the maximal compact subgroup of H,. We
then have dh = §~!(a)dadk, because if g = nak, dg = 6~'(a)dndadk.

This formula decomposes into an Euler product, so we will use it locally.
We suppose that v is a place of F' outside Sy. We take the model of the ©
correspondence that we had in the proof of Proposition 3.1. Suppose that E/F
remains inert at v and let w be the place of E above v. We denote w the
uniformizer of E,, = E ®r F, and ¢ the number of elements of the residual field
of F,. We choose & to be the characteristic function of X (0,). We notice that
W, is right invariant by the action of G,(O,), so that we found the essential
vector, provided it is non-zero. We take

wh

d*

with a; integers and d* the appropriate diagonal matrix. Using the above
formula, we find

Wolg)= 3 6 ()W, (h) /Z o Pl DR S )

b1>...>bn

with

d"*
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We have

w(Zg»h)q)(fla ) f’n;f-—'n) =

R ai—%Eb*Vv(H(wbi)*)‘I’(wal_blfl,wa2_b2f2+wa2_b1212f1, i)
with z = (z;;). The power of ¢ on the first line is the normalization factor to
bring unitary representations to unitary representations. To contribute non-
trivially, we first see that we must take a; > b,. Then we need to have
w125 € O, for the non-vanishing of ®, so 212 € wh1~%20,. If ay > by,

since 1, is trivial exactly on O,, the integral over z;5 will be equal to 0. We
thus must take by > a;. We see that we have to take as > by. Iterating yields

ay2bir>ax>->ap>b, 20.
The variables z;;, ¢+ < 7, vary in wb~%©,. This yields

Woolg) = Z ﬁ(w_Zbi)W(p(h)qz(_n+i—1)ai+(’n—i+%)bi
a12b12-2an 2bn 20

with 7(z) = v(Z). We can thus compute the local L-function of 7, X p, in

terms of o,:
Ly X, 5) = 3 Wya(g)g™ ™™ all other a; = 0

0120

— Z ﬂ(w)—blWw(h)q—na1+(n—l/2)b1—a1(s—n)
alzblzo

— Z D(w)_bl W¢(h)q_bl(s_n+1/2)+(bl_al)s
1256120

— Z q—ms Z D(w)_bl W‘p(h)q—b](s—n+l/2)
m>0 b, >0

= Cew(s)L(o, x 7,1, 5).

The fact that the sum on the next to last line is equal to L(e, x 7,1, s) will be
proven as part of an upcoming paper on the reverse case; it is anyway similar
to the formula found for L(m, X py,$) in section 2.

This proof can be conducted along the same lines for v split (but we get a
second variable instead of the conjugate one) for the same result.

The bottom line is that for a finite set of places S containing Sy, we have

L3(r x p,8) = Ca(s)LS (o x 571, s).

Since ¢ is unitary and generic, LS(0 x #~!,s) cannot vanish at s = 1 so that
the partial L-function of 7 x p must have a pole there.
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We recall that on the right-hand side, the character u of the beginning is built

into o by the twisting of the Weil representation. If we put 7’ = 7 ® p and twist
the representation by po det™ (on the G, side), what we get is

L3(x" x p,s) = L5 (i, s)LS (0 x @z, s).

This is the analog of the result of T. Watanabe, [Wat2, p. 94].
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